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Abstract 

The Shale-Stinespring Theorem (1965) together with Ruijsenaar’s criterion (1977) 
provide a necessary and sufficient condition for the implementability of the evolution 
of external field quantum electrodynamics between constant-time hyperplanes on stan¬ 
dard Fock space. The assertion states that an implementation is possible if and only 
if the spatial components of the external electromagnetic four-vector potential are 
zero. We generalize this result to smooth, space-like Cauchy surfaces and, for general 
A^, show how the second-quantized Dirac evolution can always be implemented as a 
map between varying Fock spaces. Furthermore, we give equivalence classes of polar¬ 
izations, including an explicit representative, that give rise to those admissible Fock 
spaces. We prove that the polarization classes only depend on the tangential compo¬ 
nents of A^ w.r.t. the particular Cauchy surface, and show that they behave naturally 
under Lorentz and gauge transformations. 


1 Introduction and Setup 

We consider the external field model of quantum electrodynamics (QED) or no-photon QED 
which describes a Dirac sea of electrons evolving subject to a prescribed external electromag¬ 
netic four-vector potential A^. To infer the evolution operator of this model one attempts 
to implement the one-particle Dirac evolution 

{i$ — 4-)ip = rmp (1) 

in second-quantized form. Here, m > 0 denotes the mass of the electron; the elementary 
charge of the electron e (having a negative sign in the case of an electron) is already absorbed 
in A; units are chosen such that h = 1 and c = 1. The employed relativistic notation is 
introduced with all other notations in Section 1.3. For sake of simplicity we will restrict us 
to smooth and compactly supported A^, i.e., 

A = (A^)^.o,i,2,3 = (Ao, A) e C'”(M^M^), (2) 
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although this condition is unnecessarily strong. 

It is well-known [21, 18] that, on standard Fock space and for equal-time hyperplanes, a 
second quantization of the one particle Dirac evolution (1) is possible if and only if A = 0, 
i.e., the spatial components of the external field vanish - a condition that appears strange 
in view of gauge invariance. In physics the ill-definedness of the evolution operator and its 
generator for general vector potentials A is usually ignored at first which later manifests 
itself in the appearance of infinities in informal perturbation series. Those infinities have to 
be taken out by hand or, as for example in the case of the vacuum expectation value of the 
charge current, absorbed in the coefficient of the electron charge. Nevertheless, since the 
sole interaction arises only from a prescribed four-vector field one may rather expect that it 
should be possible to control the time evolution non-perturbatively. One way to construct 
a well-defined second-quantized time evolution operator, as sketched in [6], is to implement 
it between time-varying Fock spaces. Such constructions have been carried out, e.g., in 
[14, 15, 2]. While the idea of changing Fock spaces might be unfamiliar as seen from the 
non-relativistic setting, in a relativistic formulation it is to be expected. A Lorentz boost for 
instance may tilt an equal-time hyperplane to a space-like space-like hyperplane S, which 
requires a change from standard Hilbert space to one attached to S, and likewise, 

for the corresponding Fock spaces. 

In this work we extend the existing constructions in [14, 15, 2], which deal exclusively 
with equal-time hyperplanes, by implementing the second-quantized Dirac evolution from 
one Cauchy surface to another. The resulting formulation of external field QED has several 
advantages: 1) Its Lorentz and gauge covariance can be made explicit; 2) as it treats the 
initial value problem for general Cauchy surfaces it allows to study the evolution in the 
form of local deformations of Cauchy surfaces in the spirit of Tomonaga and Schwinger, e.g., 
[22, 20]; 3) it gives a geometric and more general version of the implementability condition 
A = 0 that was found in the special case of equal-time hyperplanes. 

Before presenting our main results in Section 1.1 we outline the construction of the evolu¬ 
tion operator for general space-like Cauchy surfaces. Given a Cauchy surface S in Minkowski 
space-time (see Definition 1.9 below), the states of the Dirac sea on S are represented by 
vectors in a conveniently chosen Fock space, here, denoted by the symbol In 

this notation 'Hs is the Hilbert space of C^-valued, square integrable functions on S (see 
Definition 1.10 below) and V s Pol('Hs) is one of its polarizations: 

Definition 1.1. Let Pol('Hs) denote the set of all closed, linear subspaces V c such 
that V and are both infinite dimensional. Any V e Pol('Hs) is called a polarization of 
Hj:. For V e Pol('Hs), let : "Hs —»■ V denote the orthogonal projection ofT-Lj] onto V. 

The Fock space corresponding to polarization V on Cauchy surface S is then defined by 

T(V,n^):-@T,(V,n^), 7;(V',We):- © (3) 

cgZ n,mGNo 

c=m—n 

where (0 denotes the Hilbert space direct sum, a the antisymmetric tensor product of 
Hilbert spaces, and V denotes the conjugate complex vector space of V, which coincides 
with H as a set and has the same vector space operations as V with the exception of the 
scalar multiplication, which is redefined by {z, tf) » z*ip for z e C, e V. 
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Each polarization V splits the Hilbert space Hs into a direct sum, i.e., = V^®V. The 

so-called standard polarizations and are determined by the orthogonal projectors 
and onto the free positive and negative energy Dirac solutions, respectively, restricted 
to S: 


= (1 - Ps H^:=P^n^. (4) 

Loosely speaking, in terms of Dirac’s hole theory, the polarization V e Pol('Hs) indicates 
the “sea level” of the Dirac sea, and electron wave functions in V-^ and V are considered 
to be “above” and “below” sea level, respectively. However, it has to be stressed that the 
mathematical structure of the external held problem in QED does not seem to discriminate 
between particular choices of polarizations V. Hence, unless an additional physical condition 
is delivered, the H-dependent labels “electron” and “positron” are somewhat arbitrary, and 
V should rather be regarded as a choice of coordinate system w.r.t. which the states of the 
Dirac sea are represented. To describe pair-creation on the other hand it is necessary to 
have a distinguished V, and the common (and seemingly most natural) ad hoc choice in 
situations when the external held vanishes is H = 71^. Nevertheless, it is conceivable that 
only a yet to be found full version of QED, including the interaction with the photon held, 
may distinguish particular polarizations V in general situations. 

Given two Cauchy surfaces S, S' and two polarizations V e Pol('Hs) and W e Pol('Hs') 
a sensible lift of the one-particle Dirac evolution ^ Pt,' (see Dehnition 1.13) 

should be given by a unitary operator —> P{W,Py:') that fulhlls 

V / e (5) 

Here, denotes the Dirac held operator corresponding to Fock space PiV, S), i.e., 

</'v,!:(/):-6E(f’r/)+4(^17). V/eHs:. (6) 

Here, denote the annihilation and creation operators on the and V sectors of 

PciV,PT,), respectively. Note that P^ : P ^ V is anti-linear] thus, ipv,T.{f) is anti-linear 
in its argument /. The condition under which such a lift exists can be inferred from a 
straight-forward application of Shale and Stinespring’s well-known theorem [21]: 

Theorem 1.2 (Shale-Stinespring). The following statements are equivalent: 

(a) There is a unitary operator U^-^, : P{V,Py:) P{W,P^') which fulfills (5). 

(b) The off-diagonals P^^U^,j.P^ and P^U^,j.P^^ are Hilbert-Schmidt operators. 

Note that the phase of the lift is not hxed by condition (5). Even worse, as indicated 
earlier, depending on the external held A this condition is not always satished; see [18]. On 
the other hand, the choices made for the polarizations V and W were completely arbitrary. 
We shall see next that adapting these choices carefully will however yield an evolution of the 
Dirac sea in the corresponding Fock space representations. 

There is a trivial but not so useful choice. Pick a Sin in the remote past of the support 
of A fulhlling 

Sin is a Cauchy surface such that suppH n Sin = 0- (7) 
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Then the choices V = Uyy Hy and W = Uy,y T-Ly fulhll (b) of Theorem 1.2 as the 
off-diagonals are zero. The drawback of these choices is that the resulting lift depends on 
the whole history of A between Sin and S, S'. Moreover, such V and W are rather implicit. 
But statement (b) in Theorem 1.2 also allows to differ from the projectors Py and by a 
Hilbert-Schmidt operator. Hence, it lies near to characterize polarizations according to the 
following classes: 

Definition 1.3 (Physical Polarization Classes). For a Cauchy surface S we define 

Cs(H) := , (8) 

where for V, V e Pol('Hs), V ^ V means that Py — Py e hfihiY), he., is a Hilbert-Schmidt 
operator Hy O. 

The equivalence relation % can be rehned to give another equivalence relation skq de¬ 
scribing polarization classes of equal charge; c.f. [2] and Remark 1.8. As a simple corollary 
of Theorem 1.2 one gets: 

Corollary 1.4 (Dirac Sea Evolution). Let S, S' be Cauchy surfaces. Then any choice V e 
Cs(A) and W e Cs'(A) implies condition (b) of Theorem 1.2 and therefore the existence of 
a Uft Ui,y : P{y,n^) P{W,nE') obeying (5). 

Consequently, any choice V e C-y{A) and W e CyfiA) gives rise to a lift of the one-particle 
Dirac evolution between the corresponding P{V,'Hy) and P(W,'Hyi) that is unique up to a 
phase. The crucial questions are: 1) On which properties of A and S do these polarization 
classes depend? 2) How do they behave under Lorentz and gauge transforms? 3) Is there an 
explicit representative for each class? These question will be answered by our main results 
given in the next section. The next important question is about the unidentihed phase. 
Although transition probabilities are independent of this phase, dynamic quantities like the 
charge current will depend directly on it. We briefly discuss this in Section 1.2 and give 
an outlook of what needs to be done to derive the vacuum expectation of the polarization 
current. 

1.1 Main Results 

The dehnition (8) of the physical polarization classes involves the one-particle Dirac evolution 
operator and is therefore not very useful in finding an explicit description of admissible Fock 
spaces for the implementation of the second-quantized Dirac evolution. In our main results 
Theorems 1.5-1.7 we give a more direct identification of the polarization classes classes Cs(A) 
and state some of their fundamental geometric properties. 

The first one ensures that the classes Cy (A) are independent of the history of A, instead 
they depend on the tangential components of A on S only. 

Theorem 1.5 (Identification of Polarization Classes). Let T be a Cauchy surface and let A 
and A be two smooth and compactly supported external fields. Then 

l^s(A) = Cs(A) A|rs = A\tj: (9) 

where A|ts = A|ts means that for all x s H and y e T^Al we have A^(x)|/^ = Af^{x)y^. 
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Ruijsenaar’s result, see [18], may be viewed as the special case of this theorem pertaining 
to v4 = 0 and, for t hxed, S = = {x e = f} being an equal-time hyperplane. 

Furthermore, the polarization classes transform naturally under Lorentz and gauge trans¬ 
formations: 

Theorem 1.6 (Lorentz and Gauge Transforms). Let V e Pol('Hs) be a polarization. 

(i) Consider a Lorentz transformation given by ^ 'Has for a spinor transfor¬ 

mation matrix S e and an associated proper orthochronous Lorentz transformation 
matrix A E SO\l, 3), cf. [3, Section 2.3], Then: 

GeCs(A) ^ L^^’^^VeCas{AA{A~^-)). (10) 

(a) Consider a gauge transformation A ^ A dG for some G e ^^(R^,®) given by the 
multiplication operator : "Hs ^ TLy,, ip ip' = e~^^ip. Then: 

VeC^{A) ^ e-^^V ECj:{A + dQ). (11) 


As we are mainly interested in a local study of the second-quantized Dirac evolution, 
we only allow compactly supported vector potentials A, and therefore, have to restrict the 
gauge transformations to compactly supported D as well. Treating more general vector 
potentials A and gauge transforms would require an analysis of decay properties at 
inhnity which is not our focus here. 

Finally, given Cauchy surface S, there is an explicit representative of the equivalence 
class of polarizations Cs(A) which can be given in terms of a compact, skew-adjoint linear 
operator : TLy, O, as dehned in (56) below. With it the polarization class can be identihed 
as follows: 


Theorem 1.7. Civen Cauchy surface S, we have Cs(A) 



Other representatives for polarization classes C^{A) beyond the “interpolating represen¬ 
tation” 5 used in Dehnition 1.3, can be inferred from the so-called Furry picture, 

as worked out for equal-time hyperplanes in [6], and from the global constructions of the 
fermionic projector given in [11, 10]. In contrast to global constructions, the representation 
given in Theorem 1.7 uses only local geometric information of the vector potential A at S; 
cf. (56), (39), and Lemma 2.3 below. 

The implications on the physical picture can be seen as follows. The Dirac sea on Cauchy 
surface S can be described in any Fock space J^(V,Ffs) for any choice of polarization V e 
Cs(A). The polarization class Cs(7l) is uniquely determined by the tangential components of 
the external potential A on S. This is an object that transforms covariantly under Lorentz 
and gauge transformations. The choice of the particular polarization can then be seen as 
a “choice of coordinates” in which the Dirac sea is described. When regarding the Dirac 
evolution from one Cauchy surface S to S' another “choice of coordinates” W e Cs/(A) 
has to be made. Then one yields an evolution operator ■ ^(C,’Hs) ^ 

which is unique up to an arbitrary phase Corollary 1.4. Transition probabilities of the kind 
1(4/, for T e and <F e are well-dehned and unique without 
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the need of a renormalization method. Finally, for a family of Cauchy surfaces (St)tgiR 
that interpolates smoothly between S and S' we also give an inhnitesimal version of how 
the external potential A changes the polarization in terms of the flow parameter t; see 
Theorem 2.8 below. 

Remark 1.8 (Charge Sectors). Given two polarizations V,W e Pol('Hs) such that — P^ 
is a compact operator, e.g., as in the case V^W as defined in (8), one can define their 
relative charge, denoted by charge(y, IF), to be the Fredholm index of P^\v^w; cf. [2]. 
The eguivalence relation ^ in the claim of Theorem 1.7 can then be replaced by the finer 
eguivalence relation ssq, which is defined as follows: V W if and only if V W and 
charge(F, W) = 0. This is shown as an addendum to the proof of Theorem 1.7. 


1.2 Outlook 


As indicated at the end of the introduction the current operator depends directly on the 
unspecihed phase of t/s's- This can be seen from Bogolyubov’s formula 


f{x) 


= iU£ 
•^11 


iSout 


SA^{x) 


( 12 ) 


where Sout is a Cauchy surfaces in the remote future of the support of A such that Sout 
supp A = 0. Hence, without identihcation of the derivative of the phase of i^he physical 
current is not fully specihed. Nevertheless, now the situation is slightly better than in the 
standard perturbative approach. As for each choice of admissible polarizations in Cs'(A) 
and Cs(A), identihed above, there is a well-dehned lift of the Dirac evolution operator 
and therefore also a well-dehned current (12). Now it is only the task to select the 
physical relevant one. One way of doing so is to impose extra conditions on the (12), and 
hence, the phase, so that the set of admissible phases shrinks to one that produces the 
same currents up to the known freedom of charge renormalization; see [5, 19, 15, 12]. In 
the case of equal-time hyperplanes a choice of the unidentihed phase was given by parallel 
transport in [16]. On top of the geometric construction and despite the fact that there are 
still degrees of freedom left, Mickelsson’s current is particularly interesting because it agrees 
with conventional perturbation theory up to second order. Yet the open question remains 
which additional physical requirements may constraint these degree of freedoms up to the 
one of the numerical value of the elementary charge e fixed by the experiment. 

The issue of the unidentihed phase particularly concerns the so-called phenomenon of 
“vacuum polarization” as well as the dynamical description of pair creation processes for 
which only a few rigorous treatments are available; e.g., see [13] for vacuum polarization in 
the Hartree-Fock approximation for static external sources, [17] for adiabatic pair creation, 
and for a more fundamental approach the so-called “Theory of Causal Fermion Systems” 
[7, 8, 9], which is based on a reformulation of quantum electrodynamics by means of an 
action principle. 


1.3 Definitions, Constants, Notation, and previous Results 

In this section we briehy review the notation and results about the one-particle Dirac evo¬ 
lution on Cauchy surfaces provided in a previous work [3]. The present article, dealing with 
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the second-quantization Dirac evolution, is based on this work. 

Space-time is endowed with metric tensor g = = diag(l, —1, —1, —1), 

and its elements are denoted by four-vectors x = (a:°, = (x°,x) = for 

being the canonical basis vectors. Raising and lowering of indices is done w.r.t. g. Moreover, 
we use Einstein’s summation convention, the standard representation of the Dirac matrices 
7 ^ e ((^4x4 ^ 2g^'^, and Feynman’s slash-notation $ = 4 = 

When considering subsets of space-time we shall use the following notations: Causal : = 
{x e ^ 0} and Past := {x e W^\ x^x^ > 0, x° < 0}. 

The central geometric objects for posing the initial value problem for (1) are Cauchy 
surfaces dehned as follows: 

Definition 1.9 (Cauchy Surfaces). ITe define a Cauchy surface S in to be a smooth, 
3-dimensional submanifold ofMf that fulfills the following three conditions: 

(a) Every inextensible, two-sided, time- or light-like, continuous path in intersects S in 
a unique point. 

(b) For every x e S, the tangential space is space-like. 

(c) The tangential spaces to S are bounded away from light-like directions in the following 

sense: The only light-like accumulation point of IJ^ss zero. 

In coordinates, every Cauchy surface S can be parametrized as 

S = {7rs(x) := (ts(x),x) I X e (13) 

with a smooth function t-£ : M. For convenience and without restricting generality of 

our results we keep a global constant 


0 < Kiax < 1 (14) 

hxed and work only with Cauchy surfaces S such that 

sup |Vts(x)| < Kiax- (15) 

X£R3 

The assumption (c) in Dehnition 1.9 and (15) can be relaxed to |Vfs(x)| < 1 for all x e 
due to the causal structure of the solutions to the Dirac equation, although this is not worked 
out in this paper. 

The standard volume form over R^ is denoted by d'^x = dx° dx^ dx^ dx^; the product of 
forms is understood as wedge product. The symbols df'x and d^x mean the 3-form df’x = 
dx^ dx^ dx^ on R^ and on R^, respectively. Contraction of a form u with a vector v is 
denoted by ivipj). The notation ifioj) is also used for the spinor matrix valued vector 7 = 
( 7 ^ 7 ^ 7 ^ 7 ^) = 

4 (d"‘x) = 7 ^ie^(d^x). (16) 

Furthermore, for a 4-spinor fii e Cfi (viewed as column vector), stands for the row vector 
4 * 7 °, where * denotes hermitian conjugation. 
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Smooth families {Tjt)teT of Cauchy surfaces, indexed by an interval T c M and fulhlling 
(15), are denoted by 


S := {{x,t) \ t e T, a; e EJ. 


(17) 


Given the external electromagnetic vector potential A e of interest, we assume 

that the set {(a:,t) e S| x e supp(y4)} is compact. This condition is trivially fulhlled in the 
important case of a compact interval T = [to;^i] with S interpolating between two Cauchy 
surfaces Uto and The compactness condition is also automatically fulhlled in the case 
that T = R with S being a smooth foliation of the Minkowski space-time R^. 

We assume furthermore that the family (Tjt)tET is driven driven by a (Minkowski) normal 
vector held nn ; S —> R"^, where n : S ^ R"^, (x, f) nt{x), denotes the future-directed 
(Minkowski) normal unit vector held to the Cauchy surfaces and n : S R, (x, f) Vt{x), 
denotes the speed at which the Cauchy surfaces move forward in normal direction. For 
technical reasons, in particular when using the chain rule, it is convenient to extend the 
“speed” V and the unit vector held n in a smooth way to the domain R^ x T. In the case 
that S is a foliation of space-time, we may even drop the f-dependence of v and n. In this 
important case, some of the arguments below become slightly simpler. 


Definition 1.10 (Spaces of Initial Data). For any Cauchy surface E we define the vector 
space Cs := ^“(E, C"^). For a given Cauchy surface E, let T-Ly, = C"^) denote the vector 

space of all f-spinor valued measurable functions 0 : E ^ C'^ (modulo changes on null sets) 
having a finite norm ||0|| = sjifj), 0) < oo w.r.t. the scalar product 


{(),%)} = j (|){x)^{d‘^x)^jJ{x). (18) 

For X e E, the restriction of the spinor matrix valued 3-form i^{d^x) to the tangential 
space Ta-E is given by 
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i^{d^x) = fi{x)in{d'^x) = 7 — / , 7 ' 




dx^ 


d^x =: F(x)(i^x on (Ta,E)^. (19) 


As a consequence of the (15), there is a positive constant Fmax = rmax(i4iax) such that 


r(x)||<r„„, VxeR’. 


( 20 ) 


The class of solutions to the Dirac equation (1) considered in this work is dehned by: 

Definition 1.11 (Solution Spaces). 

(i) LetCA denote the space of all smooth solutions e C'*(R^, C^) of the Dirac eguation (1) 
which have a spatially compact causal support in the following sense: There is a compact 
set AT c R"^ such that supp if K + Causal. 

(a) We endow Ca with the scalar product given in (18); note that due to conservation of 
the 4-vector current cjry^if, the scalar product ^a 'x Ca ^ C is independent of the 
particular choice of E. 





(iii) Let 1 -La be the Hilbert space given by the (abstract) completion of Ca- 
Theorem 2.21 in [3] ensures: 

Theorem 1.12 (Initial Value Problem and Support). Let T, be a Cauchy surface and xs ^ 
C®(S,C‘^) be given initial data. Then, there is a t) e Ca such that = Xs and supp-^ c 
supp Xs + Causal. Moreover, suppose e solves the Dirac eguation (1) for initial 

data = Xs; then -0 = -0. 

This theorem gives rise to the following dehnition in which we use the notation 0 |e ^ Ce 
to denote the restriction of a 0 e to a Cauchy surface S. 

Definition 1.13 (Evolution Operators). Let be Cauchy surfaces. In view of Theo¬ 
rem 1.12 we define the isomorphic isometries 

U-EA ■ Ca Ce, Uea 0 := 0|s, 

Uat.'■ CeCai UeaXt.'■= i’-, (21) 

Ue'E • Ce Cea b^S'S •= Ue'aUaY:, 

where Xt, ^ Ce, 4> ^ Ca, and 0 is the solution corresponding to initial value xs as in Theo¬ 
rem 1.12. These maps extend uniguely to unitary maps Uae '■ He Ha, Uea '■ Ha -* He 
and : He —* He'- 

Here we differ from the notation used in Theorem 2.23 in [3] where was denoted by 
Furthermore, it will be useful to express the orthogonal projector in an momentum 
integral representation over the mass shell 

Ai = {p e Mf\ p^p'^ = = A1+ u M-, M± = {pe M.\ + > 0}; (22) 

cf. Lemma 2.1 and the dehnition of LFmt. in [3]. We endow Ai with the orientation that 

makes the projection Ai (p°,p) p positively oriented. One hnds that 

2 2 
777 777 ^ 

ipid^p) = -—-dp^dp^dp^ = —^df’p on (TpAi)^. (23) 

pij pV 

General Notation. Positive constants and remainder terms are denoted by Ci, C 2 , C 3 ,... 
and ri,r 2 ,r 3 ,..., respectively. They keep their meaning throughout the whole article. Any 
hxed quantity a constant depends on (except numerical constants like electron mass m and 
charge e) is displayed at least once when the constant is introduced. Furthermore, we classify 
the behavior of functions using the following variant of the Landau symbol notation. 

Definition 1.14. For lists of variables x,y,z we use the notation 

f{x, y, z) = Oy {g{x )), for all {x, y, z) e domain (24) 

to mean the following: There exists a constant C{y) depending only on the parameters y, but 
neither on x nor on z, such that 

\f{x,yA)\ A, C{y)\g{x)\, for all {x,y, z) s domain, (25) 

where I'l stands for the appropriate norm applicable to f. Note that the notation (24) does 
not mean that f[x,y,z) = f{x,y), i.e., that the value of f is independent of z. Rather, it 
just means that the bound is uniform in z. 
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2 Proofs 


The key idea in the proofs of our main results Theorem 1.5, 1.6, and 1.7 is to guess a simple 
enough operator : T-Ly, O so that 

( 26 ) 

It turns out that all claims about the properties of the polarization classes Cs(v4) above can 
then be inferred from the properties of P^. This is due to the fact that (26) is compatible 
with the Hilbert-Schmidt operator freedom encoded in the sa equivalence relation that was 
used to dehne the polarization classes Cs(A); see Dehnition 1.3. 

The intuition behind our guess of P^ comes from gauge transforms. Imagine the special 
situation in which an external potential A could be gauged to zero, i.e., A = dVL for a given 
scalar held hi. In this case is a good candidate for P^. Now in the case of general 

external potentials A that cannot be attained by a gauge transformation of the zero potential, 
the idea is to implement different gauge transforms locally near to each space-time point. For 
example, if p~{y — x) denotes the informal integral kernel of the operator one could try to 
dehne P^ as the operator corresponding to the informal kernel p"^{x, y) = _ x) 

for the choice A^(x) = \{A{x) -f A{y))^{y — xY- Due to this choice, the action of X^{x,y) 
can be interpreted as a local gauge transform of p~{y — x) from the zero potential to the 
potential A^x) at space-time point x. It turns out that these local gauge transforms give 
rise to an operator P^ that fulhlls (26). 

Section Overview In Section 2.1 we dehne the operators P^ and P^ and state their main 
properties. Assuming these properties we prove our main results in Section 2.2. The proofs 
of those employed properties are delivered afterwards in Sections 2.3 and 2.4. 

2.1 The Operators and 

As described in the previous section, the central objects of our study are the operators P^ 
and operators which are derived from them like the discussed P^- Lemma 2.1 describes the 
integral representation of the orthogonal projector P^. For this we introduce the notation 

r{w) := for w e domain(r) := {w e C^| — e (27) 

The square root is interpreted as its principal value for r>0, —|<(p<^. 

We note that for a Cauchy surface S fulhlling (15) and ^ A z = y — x with x, y e S one has 

Vl - Kiax^lzl < r{z) < |z| ^ |z| ^ Vl + 14iax^|z|. (28) 

To deal with the singularity of the informal integral kernel p~{y—x) of the projection operator 
P^ at the diagonal x = y, we use a regularization shifting the argument y — x a little in 
direction of the imaginary past. 

Lemma 2.1. For (f),'ip e Cy: and any past-directed time-like vector u e Past one has 

<0, = Y{x)Y{d'^x)\ p~{y - X + ieu)iYd^y)Y{y), (29) 

JxsE dyes 
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where 


p : + zPast ^ p {w) = ^ f ^ip{d^p) = (30) 

yZll J Tfl jj\/[_ ZTTl ZTTI 

D:R‘ + ,Past-C, DW = -J— r 

(zTTj'^m Jj^_ ZTT^ mr[w) 

rco 

Ki:R+ + iR^C, (^) = ^ J e"«Vs2 - 1 ds. (32) 

Ki is the modified Bessel function of second kind of order one. The functions D andp~ have 
analytic continuations defined on domain(r). The corresponding continuations are denoted 
by the same symbols. 

The proof is given in Section 2.3. It is based on the momentum integral representation 
given in Theorem 2.15 in [3]. In the following we dehne several candidates for fulhlling 
the key property (26) as discussed in the beginning of Section 2. We will denote these 
operators by : TLj] O where the superscript A denotes an element out of the following 
class of “local” gauge functions: 

Definition 2.2. For A e letQ{A) denote the set of all functions A : ^ M 

with the following properties: 

(%) A e C“(M^ X R4,R). 

(ii) There is a compact set iT c R^ such that supp X ^ K xR'^uR^xiP. 

(Hi) A vanishes on the diagonal, i.e., X{x,x) = 0 for x e R^. 

(iv) On the diagonal the first derivatives fulfill 

d^X{x,y) = —d^X{x,y) = A{x) forx = yeR‘^. (33) 


Given a “local” gauge transform A e Q{A) we dehne the corresponding operator P^ using 
the heuristic idea behind P^ we discussed in the beginning of Section 2. 

Lemma 2.3. Given A e C'“(R"^,R"^) and X e Q{A) there is a unigue bounded operator 
P^ : TLy. XD with matrix elements 

(fi, = lim -Ps with (34) 

/(f),P^'’^'^'ip\ -.= r (j){x)i^{d!^x) r e~^P^’^'^p~{y — X + ieu)i.y{d‘^y)fi{y). (35) 

' ' JxeE 

for any given e and any past-directed time-like vector u e Past. In particular, the 

limit in (34) does not depend on the choice of u e Past. For AP^ := P^ — P^, fi e TLy,, and 
almost all X e T it holds 

[AP^fi) {x) = r - l)p~{y - x) i-f{d^y) f}{y), (36) 

JyeE 


and furthermore: 
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(i) The operator norm of is bounded by a constant Ci(\faax, X); cf. (15); 

(n) AP^ is a compact operator; 

(Hi) \AP^\^ is a Hilbert-Schmidt operator. 

(iv) If X{x,y) = —X{y,x) for all x,y e T, then P^ is self-adjoint. 

This lemma is proven in Section 2.3. Two important examples of elements in G^A) are: 

• The choice X{x,y) = r2(x) — ^{y) for hi e fulhlls A e G{dll). Such a A 

delivers a good candidate for the operator P^ fulhlling (26) if the external held A can 
be attained from the zero held via a gauge transform A = 0 A = dQ. We observe 
for any path from y to x 

A(2:,|/)=r Ay{u)du^ = ]^{Ay{x) +Ay{y)){x^-y^) + OA{\x-y\^). (37) 

• For an arbitrary vector potential A e C'“(M^,M^) also 

X^{x, y) := ]^{Ay{x) + Ay{y)){x>^ - y>^) (38) 

fulhlls A"^ e G{A). This choice is motivated by the special case (37). It will be partic¬ 
ularly convenient for our work. Note that it has the symmetry X^{x,y) = —X^{y,x)] 
cf. part (iv) in Lemma 2.3. In particular, the operator P^ from the discussion will be 
given by 

Pi-.= P^\ (39) 

We shall show that for A e GiA) the operators P^ obey the key property (26). Our hrst 
result about P^ for a A e G{A) is that, up to a Hilbert-Schmidt operator, it depends only 
on the restriction of the 1-form A to the tangent bundle TS of the Cauchy surface S. 

Theorem 2.4. Given A, As C®(M^, M^) and X e G{A), X e G{A), the following is true: 

~ ^ hiP-T.) ^ ^|rs = ^|rs- (40) 

This theorem is also proven in Section 2.3. From our next result we can infer that the 
operators P^ obey the key property (26). 

Theorem 2.5. Given A e C'®(R^,M"‘), A e G{A), and two Gauchy surfaces S, S', one has 

Uaji'P^Uii'a - Ua^P^U^a e HPa), (41) 

where Uat. and Uy.a are the Dirac evolution operators given in Definition 1.13. 
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Instead of proving this theorem directly we prove it at the end of Section 2.4 as con- 
seqnence of Theorem 2.8 below. The latter can be nnderstood as an inhnitesimal version 
of Theorem 2.5. To state Theorem 2.8 we consider a family of Canchy snrfaces en¬ 

coded by S, see (17), snch that S = and S' = Sj^. In addition we need the following 
helper object dehned in Dehnition 2.6 below as well as the following notation. Given an 
electromagnetic potential A e and a Canchy snrface S with fntnre-directed nnit 

normal vector held n, we dehne the electromagnetic held tensor — d^A^ and 

:= (42) 

referred to as the “electric held” with respect to the local Canchy snrface S. In the special 
case n = cq = (1,0, 0,0), this encodes jnst the electric part of the electromagnetic held 
tensor. 

Recall from the paragraph preceding Dehnition 1.10 that we extended the nnit normal 
held n on the Canchy snrface to a smooth nnit normal held n : x T ^ and velocity 

held n : R^ X F ^ R, which indnces the “electric held” E to be dehned on R^ x T as well. In 
particnlar, after this extension, the partial derivative dE^[x,t)/dt = E^y{x) dnA{x)/dt then 
makes sense. 


Definition 2.6. Recall the definitions ofr{w) and D{w) given in (27) and (31), respectively. 
For e > 0, u e Past, and x,y e R^, we define the integral kernel 


A.eu 


{x,y) 


1 

8 m 


fi{x)fil{x)r{wfi^D{w), 


where w = y — x + ieu. 


(43) 


Furthermore, for x — y being space-like (in particular x ¥= y), we also define the integral 
kernel 


s^{x,y) = s^^{x,y) := lim 4 ’'“( 

ej,0 


x,y) = -^ii{x)${x)r{y 


xfi^D{y — x). (44) 


We remark that restricted to x and y within a single Canchy snrface S, the valne of the 
kernel s^’'^^{x,y) depends only on S throngh its normal held n : T, ^ R^. In this case the 
dehnition makes sense withont specifying neither the velocity held v nor the extension of n 
and n to R^ X T. In particnlar, s^’''^{x,y) depends only on the Canchy snrface S bnt not 
on the choice of a family {Tjt)teT- This stands in contrast to the derivative which 

makes sense everywhere only given a family (Tjt)teT and the extended version of n. 

Exploiting the properties of D{w) given in Lemma 2.1 and in Corollary A.l in the ap¬ 
pendix we shall hnd: 


Lemma 2.7. Let u e Past. 

(i) The integral kernels e ^ 0, give rise to Hilbert-Schmidt operators 


nA,eu 


: 77s O, 


:= J s^’^“(x,?/) i^{d^y) 4>{y) for almost all x eT, 

(45) 


:= with the property that 0- 
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(n) Similarly, for t e T, the integral kernels ds^’^^^/dt, e ^ 0, give rise to Hilbert-Schmidt 
operators 


A^eu 


St 


X, y) ij{d^y) 'fi{y) for almost all x e St, 

(46) 


Sit •= ‘^s)^ the property that supt^r ll‘9stll/2(HEt) < “ Il'^St “ ^ 

0 for all t. 

With this ingredient our infinitesimal version of Theorem 2.5 can be formulated as follows; 
for technical convenience, we phrase it only for the special choice e Q{A) defined in (38). 

Theorem 2.8. Given A e C®(R"^,M^), any smooth family of Cauchy surfaces S, cf. (17), 
and tQ,ti e T, and one has 

(f^. + S^,d %...4 - (Pi,^ + U^,^A = f UA^,RmE.Adt (47) 

Jto 

for a family of Hilbert-Schmidt operators R{t), t e T, with supte-r ||i?(f)||/ 2 (WEt) ^ 
integral in (47) is understood in the weak sense. 

Note that for the choice A e G{A), St^ = S, St^ = Sin one has = P^.^, and the 
restriction of (41) to Cauchy surface S yields property e RifHif), i.e., 

the key property (26). The proof of Theorem 2.8 given in Section 2.4 is the heart of this 
work. 


2.2 Proofs of Main Results 

In this section, we prove the main results under the assumption that the claims in Section 2.1 
are true. The proofs of these assumed claims are then provided in Sections 2.3-2.4. The 
connection of how to infer the properties of C-s{A) from the properties of the operators 
is given by the following lemma. 

Lemma 2.9. Let A e C'®(M^,M'^), H be a Cauchy surface, and A e QiA). Then for every 
polarization V in PLy,, we have 

V E Cs(Al) ^ Pi-Pi^ hiHji). (48) 

Proof. By Definition 1.3, V e Ce(A) is equivalent to 

Pe - Ui^WgUtE e VCHe). (49) 

On the other hand. Theorem 2.5 implies 

Pi-Uit:WEUtE^h{HE). (50) 

Thus, statement (49) is equivalent to P^ — e hifHj:)- □ 
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Proof of Theorem 1.5. Cs(A) = holds true if and only if there are V e Ce(^) and 

W e Ce(^) such that 

p^-p^ eh{n,f). (51) 

Let A e G{A) and A e G{A). In view of Lemma 2.9, statement (51) is equivalent to P^ — P^ e 
hi'H'E)- Due to Theorem 2.4 the latter is equivalent to A\te = A\te, which proves the 
claim. □ 


Proof of Thorem 1.6. Claim (i): Is is sufficient to prove that there exist V s Cs(A) and 
hL e Cas(AA(A“^-)) such that pv ^£(s,a)'^-i _ pw^ ^ We remark that for the 

linear form A, AA stands for the linear form with coordinates A,^, while for a vector x, 
the term Ax stands for the vector with coordinates A^^x’^. We take A e G{A), e.g., A = A"^ 
from (38). Thanks to Lemma 2.9, for all V e Ce(A) we have P^ — P^ s hiPL^). First, 
let us discuss how such a P-^ behaves under the Lorentz transforms For e > 0 and 

u e Past, the integral kernel y) = — x + ieu) of cf. (35), transforms 

as follows: The integral kernel of is given by 

A-^?/)F" = e-*^WD,A-T) - x) + ieu)) S* 

= _ a- + .^Aw) = pJs^“(x, y), (52) 


where A(x, y) = A(A ^x,A ^y). We claim A e G{AA{A ^•)). Indeed, A clearly fulfills condi¬ 
tions (i)-(iii) of the Definition 2.2 of ^(AA(A"^-)). It also fulfills condition (iv) since 


^x^^ 




^ A(A 'x,A ^y^-^X{z,A ^y)l^ 


^x^^ 

= Ay AyA~^x) 


z=A~^x,y=x 


(53) 


and similarly d‘^A(x, y)|^_^ = —AyA^A ^x), where we have used (A ^ = Ay. This 

shows = Py^'^, which implies = P^ in the limit as 

e I 0; recall from Lemma 2.3 that the limit does not depend on the choice of u,Au e Past. 

Again by Lemma 2.9, there is a VF e Cas(AA(A~^-)) such that P}^ — P^ ^ h{Pl-AT.)- We 
conclude 


y^A) pv 

E S 



pW _ 

-UaE “ 


riSA) 

-^E 




(^^a" - py e h(HA^). 

(54) 


Claim (ii): The integral kernel of e for A e G{A), e > 0 and u e Past equals 

?/)P^D) = ^-in(x)^-iXix,y)p-^y _ ^ ^ foM)P^D) = pV“(x, y), (55) 


where X{x,y) = D(x) -f A(x, y) — Xl{y), which clearly fulfills A e G{A + dVL)] cf. Definition 2.2. 
Taking the limit as e J, 0, the claim follows from the same kind of reasoning as in part (i). □ 

Finally, one can also use the self-adjoint operator P^ from (39) to construct a unitary 
operator e^^ : PL^, O which adapts the standard polarization PL^ to one corresponding to 
A\tt.-i more precisely, e^^PLf^ e Ce( 44). It is defined as follows: 
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Definition 2.10. We set 


Qe ~ Pi{P^ Pt.)Pt, Pt.{P^ PT.)Pi- (^6) 


Proof of Theorem 1.7. In this proof, we use a 2 x 2-matrix notation for linear operators of 
the type "Hs O. This matrix notation always refers to the splitting PLy. = P-y ® ^s- 
particular, we set 


cf. (36) for A 


A++ A+_ 

A_+ 


- Apy - Pi - p^, 


Using this matrix notation, we write 


Qe = 


0 A, 

-+ 


— 

-A_+ 0 


(57) 


(58) 


In the following we use the notation X = Y mod hiPn) to mean X — Y e / 2 ('He)- By (iii) 
of Lemma 2.3 we know that (AP^'^)^ e hiPT.), and therefore 

(Pif - + APi'f - Pi + J mod /.(We). (59) 


Furthermore, Lemma 2.9 implies for all V e Cy{A) that the corresponding orthogonal pro¬ 
jector fulfills P^ — P^ e hiPif)- However, this means also that (P^)^ “ Py ^ h{PT.): 
and therefore, A++, A_e hiP^,)] see (59). In conclusion, we obtain 

Pi - Pe + APe"" - (/ mod /.(We). ( 60) 

Since (AP^^)^ e hiPjf) we have A_+A+_, A_+A+_ e hiPj:) and hence (Qy)'^ e hiPj:)'-, 
cf. (58). Defining 

;= (61) 

we conclude 

= (id„, +oypE (id„, -oy = = mod/2(WE). ( 62 ) 

Furthermore, we observe that is unitary because is skew-adjoint, so that H^ is an 
orthogonal projector. Summarizing, we have shown e^^Pj. = H^Ps ^ Cs(H), which proves 
the claim of Theorem 1.7. 


As an addendum we prove the refinement of Theorem 1.7 described in Remark 1.8. For 
this it is left to show that charge(P 22 .^P 2 .^, H^Ps) = 0. We choose a future oriented 
foliation (S^j^gR of space-time such that Eg = Sjn and Si = S. Recall the choice of Sjn 
described in (7). The operators QY^ are compact because they are skew-adjoint and (QsJ^ ^ 
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r\A 

hi'HT.t)- Hence, the operators are compact perturbations of the identity operators 

. Translating this fact to an interaction picture, the operators 


Qt 


U\ 


0 

SinSt 




StSi] 


(63) 


are as well compact perturbations of the identity operator id-^j,. . We dehne the evolution 
operators in the interaction picture 


Ut-.= 




TJA 


(64) 


which are continuous in f e M w.r.t. the operator norm; this follows from Lemma 3.9 in [3]. 
Moreover, using V ^ W , P^ P^ e hi'Hs), the just proven Theorem 1.7 implies 




uij:. m 








(65) 

'SinS-' s e hiPs) (66) 

^ PLQMPI,, - E hin^J. (67) 

Since — is compact, the operator P^,^{Qt — id-H^, is compact as well. Taking 

the difference with the compact operator in (67) yields that UtP^. is compact so that 




° ) 
p^.PtPiJ 


Ut- 


[pi^p^pt. 


p+ 


U,P. 




( 68 ) 


deviates from the unitary operator Ut by a compact perturbation, and hence, is a Fredholm 
operator. This implies that P^.^UtP^.^\y^- is a Fredholm operator. We note that the 

^in'^ 

Fredholm index of P^.^Ut=oP^.Jy^-^ = id.^- equals zero. The map t i—>■ P^.^UtP^.^ is 

^in 

continuous in the operator norm which implies that the Fredholm index is constant, and 
hence. 


0 = index Ft- Ft=iL- _= index F^ FS vF^s L- ^ 


= indexF^F^iJ^- 


= indexFj,|^^ H 




= index Fj. e 


c/dy. w? 

^■^in -^in ^ 


= index= charge(F4.^Fsi„> H^Fs), (69) 


/n A 

where in the hfth equality we have used that e“'^E is a compact perturbation of the identity. 

□ 


This concludes the proofs of the main results under the condition that the claims in 
Section 2.1 are true. The proofs of these claims will be provided in the next two sections. 


2.3 Proof of Lemma 2.1, Lemma 2.3, and Theorem 2.4 

Proof of Lemma 2.1. Given 0, '*/' e Cs, we set 0 = Pmt,4> and f) = Fxs'0 where Fxs is the 
generalized Fourier transform 

{pMT.i^){p) = ^2m f f){x) for e Cs,p e Af, (70) 
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introduced in Theorem 2.15 of [3]. This theorem ensures that hid'^p) is integrable 

on Let u e Past. With justihcations given below, we compute the following. 






m 


peM- 


7-77-lil^ 

(27r)'^m eio 


^-epu 




j — ipx 


i + m 
2 m 




peM- xeH 


ysS 


lim 


(27r)3m eio 


(j){x) i^{(fx) 


peM- xeH 


+ r 

ysS 


^ip{y-x+ieu) ■ ( j4 


2 m 


hid y)tj){y) ip{d p) 


i^lim J 4>(x) ^,(d‘x) 

xeH 


IJ 


p + m 

-( 

2 m 


,ip{y-x+ieu) ■ / t 4 


ip{d p) i^{d y)il^iy) 


= lim (l){x) h{d‘^x) p iy — X + ieu)hid^y)pjiy). 
eiO ’ 


(71) 

(72) 

(73) 

(74) 

(75) 


The interchange of the p-integral and the limit e | 0 in (71) is justihed by dominated con¬ 
vergence since 4>ip)^{p)ipid^p) is integrable on Jhl_ and by < 1 for e > 0, p e Jhl_. 

In the step from (71) to (72) we have used (70) and that 7 °( 7 ^)* 7 ° = 7 ^, from (72) to 
(73) that = p^ and that p^ = mp for p e Af_. In the step from (73) to (74) we have 
used Fubini’s theorem to interchange the integrals. This is justihed because p and ip are 
bounded and compactly supported, and because for any given e > 0 , \e^hy-^+'<-<^h\^ = q-<^pu 
tends exponentially fast to 0 as |p| —> 00 , p e Af_. This proves the claim (29). 


Now we prove the claimed properties of D and p~. For any w eMP + i Past, the modulus 
^ ^-pimw i^g^ds exponentially fast to 0 as |p| —>■ 00 , p e Ai_. Consequently, exchanging 
differentiation and integration in the following calculation is justihed: 


p (w) = 


(27r)3m 
1 —0^ + m 

(27r)3m 2 m 


—i<p + m 
2 m 


,tpw 


ipid^p) 


M- 2m 


(76) 


To show the second equality in (31), we proceed as follows: First, we show that w e Past 
implies —w^w^ e C\Mq = domain(Y^). We take w = z + iu with 2 ; e and u e Past, 
and assume e M. Then 0 = Im(t(;^tc^) = 2z^u^, i.e., 2 ; is orthogonal to u in the 

Minkowski sense. Because u is time-like, we conclude that z is space-like or zero. We 
obtain = Reiw^w^) = z^z^ — < 0, i.e., —w^w^ e domain('Y/i). It follows that 

E R+ + = domain(i7i). In particular. 


D -.MP + i Past 9 w 


mP Ki{m^p—Wf^wf^) 
27r2 m^—Wfj,wi^ 


(77) 
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is a well-defined holomorpliic function. Because decays fast as |p| —» oo, p e Ad_, 

uniformly for w in any compact subset of -I- i Past, 

D + i Past 3 w — f ipid'^p) (78) 

{27rym 

is also a holomorphic function. We need to show D = D. By the identity theorem for 
holomorphic functions, it suffices to show that the restrictions of D and D to i Past coincide. 
Given w = iu s i Past, we choose a proper, orthochronous Lorentz transform A e SO^(l, 3) c 
that maps u to the negative time axis: 

Au = —teo = {—t, 0, 0, 0) with t = > 0. (79) 

By Lorentz invariance of the volume-form ip{d‘^p) on Af_, we know 



and = ^J—{Aw)^{Aw)^^. Summarizing, we have reduced the claim D = D to its 

special case D{w) = D{w) for w = —iteo, t = > 0. This special case is proven as 

follows. Using 


771 

ip{(7^p) = —^d^P on {TpMY, 


p' 


(81) 


rotational symmetry, and the substitution 

I 

-, k = mV — 1, m?sds = kdk, 


s = 




m 


we obtain with the abbreviation E{p) = \/p‘^ + rn?\ 


ip{d^p) =-nY [ , , 

M- 

= —47rm^ J' exp (^—ts/k"^ + 


d?p 


k"^ dk 


VW+ 




I 


= —47rm"^ e — Ids = —Anm 




mt 


(82) 


(83) 


using the dehnition of Ki in (32), and hence, the claim D{—iteo) = D{—iteo). 

The representation (77) of D shows also that D can be analytically extended to all 
arguments w e C‘^ with —w^w^ e domain(Y^) = C\Mq . The same holds true for p~ = 
+ m)D. To sum up, p~ has an analytic continuation p~ : domain(r) ^ 
which also concludes the proof of Lemma 2.1. □ 
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Proof of Lemma 2. 3. We remark that most of the arguments in this proof are valid without 
regularization, i.e., also in the case e = 0. This is in contrast to Section 2.4 below, where the 
regularization with e > 0 turns out to be very useful. 

Let A e A e G^A), and S be a Cauchy surface. Before proving the claim 

(34)-(35) it will be convenient to introduce the operators e ^ 0, which shall act on 

any e PLy. as 


(a;) = (e -l)p {y-x + ieu) A) V^(?/), (84) 

where the hxed vector n e is past-directed time-like. We remark that the special case 
e = 0 is included in the form AP^’^ = AP^; cf. (36). 

We show now that AP^’™ : Ps O is well-dehned. Recall the parametrization 7 rs(x) of 
S as stated in (13) and the identity i^{d‘^x) = r(x) dfx on (P^S)^ given in (19). We use the 
abbreviation x = vrs(x), y = 7rs(y) in the following. Line (84) can be recast into 

(aPs’'>) (a:) = f Aps’'“(x,y)r(y)7/;(2/)dV for (85) 

Ap^’™(x, y) := — l) p~{y — x + ieu). ( 86 ) 

To show at the same time that the right-hand side of (85), i.e., (84), is well-dehned for 
e Ps and almost every x e S, and that e Pi^,, it suffices to prove that for every 

0 ePs, we have 


J I 

Jx£R 3 JyER3 


4>(x)T{pL)Ap^"‘(^,y)T{y)ip(y) d‘y < Qll'^ll WII 


(87) 


with some constant CAu, Vmax )- We collect the necessary ingredients: 


• As A is smooth and vanishes on the diagonal, there is a positive constant C' 3 (A) such 
that 


e - 1| ^ C2,\x - y\{lK{x) V Ixiv)] for x,y e ( 88 ) 


Note that this bound holds globally, not only locally close to the diagonal, because 
— 1 is bounded and vanishes outside P x R^ u R"^ x P for some compact set P. 

• The bounds (28) from the appendix, cf. (15), show that for all x,y e T, and {z^,z) = 
z = y — X we hnd |z| ^ \z\ ^ ■\/l + Vmax^|z|. 

• Formula (238) in Corollary A.l of the Appendix ensures for all e ^ 0 that for all 
2; = (z°, z) such that z = y — x for x,y e and z 7 ^ 0 that 


Up {z + ieu)\\ < Ou,v^ 


3— Cd|z 


(89) 
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Thanks to these ingredients we hnd the estimate 


|Aps’™(x,y)|| ^ Ca 


3-C'D|y-x| 


■[i/f(x) V ijfte)] 


(90) 


for all x,y e snch that y — x 0 and e ^ 0 with some constant Cd.(u, Vma v. A). Conse- 
qnently, nsing the bonnd for T from (20), we have the dominating fnnction 


snp 

eS!0 


(/)(x)r(x)Aps’™(x, y)T{y)i;{y) 




g-Co|y-x| 

|y - x|2 




(91) 


which is integrable, as the following calcnlation shows: 


r r p-Co |y~x| 

Qr^ax^ l</>(a^)lq- d^y (92) 

JxgRS JysRS |y ^ X| 

r p-Co|z| r 

= C'4rmaxM I |(;/)(7rs(x))||?/;(7rs(x + z))| d^xd^z (93) 

JzgM^ I^I JxgM^ 
roo 

< dTrQTmaxM e“‘^^*ds||0o7rs||2||t^ovrs||2 (94) 

Jo 

^ C'211011 Il'iAII, ( 95 ) 

for a constant C' 2 (m, lAiax, A). In the step from (93) to (94) we nse the Canchy-Schwarz 
ineqnality, and in the step from (94) to (95), we nse that the norms ||- o 7rs||2 and ll'H are 


eqnivalent. On the one hand, this proves claim (87), which implies that the operators 
AFs’™ : O described in (85) and (86) are well-dehned for all e ^ 0 and bonnded by 


snp ||APs’™I|weO ^ C' 2 . (96) 

e^O 


On the other hand, we use again the integrable domination from (91) together with the 
point-wise convergence 


limp (y — X + ieu) = p (y — x) (97) 

for x,y E T, with x y, cf. the analytic continuation of p~ described in Lemma 2.1. Using 
these ingredients, the dominated convergence theorem yields the following convergence in 
the weak operator topology: 

( 0 , ^ <0, AP^^l;} for 0, ^ s U^. (98) 

The next argument needs this fact only restricted io cf), ip e C^,- Using the notation (35) and 
Lemma 2.1, we get for 0, -i/; e Cs 

( 0 , = <0, + ( 0 , ^ <0, Fs-0> + <0, AP^0> . (99) 

Because Fjl, AP^ • O are bounded operators and Cs is dense in 77^, this implies that 

P^-=P^+ AP^ : 77s O (100) 
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is the unique bounded operator that satishes (34), together with the bound 

II-PsIIheO ^ ll-Ps IIheO + II ^eO < 1 + <^2 («,r„„,A) (101) 

coming from (96). Note that we may take any hxed u e Past, e.g., u = (—1,0, 0,0), in this 
bound and in the bounds below. 

Next, we show that := lAP^p is a Hilbert-Schmidt operator. It is the integral 
operator (here written in 3-vector notation) 

= f fc^(x,y)r(y)V'(?/)(iV (102) 

Jr3 

for E I-Ly, cmd almost all x e S with the integral kernel 

^^(x,y)=r 7°Aps’°(x,z)*7°r(z)Aps’°(z,y)d^z. (103) 

Jr3 


We remark that under the symmetry assumption X{x,y) = —X{y,x), we have 

7°Ap^’°(x,z)*7° = Ap^’°(z,x); 
cf. formula (110) below. Thanks to the estimate (90) we hnd 

g-Cclx-zl g-Colz-yl 


(104) 


|V(x,y)|| < r„„C 4 ’ r 
Jr 


|x — zp |z — y| 


■(lif(x) V Ik{z)){Ik{z) V lK{y)) d Z. (105) 


Next, we use the bound 

g-''^|x-z|g-^-|z-y|(U(x) V Ik{z)){Ik{z) V lK{y)) < C,e-^o{\y^-\+\-\)/2 (^qG) 

with the constant C 5 (A, 14iax) = sup^.^;^ gC'clzI/a^ Substituting this bound in (105) and carry¬ 
ing out the integration yields 


|fc"(x,y)|| r 

Jr: 


d^5 


|x — zp|z — y| 


p-CD(|y-x| + jx|)/2 

= Ce-^^- (107) 

|y — x| 


for a hnite constant C'6(A, Idnax)- We can therefore bound the Hilbert-Schmidt norm of 
as follows: 


II/2(We) 


^ 4r 


^ dPmax Cq 


\ [ trace[7°fc"(x,y)=^70r(x)A:^(x,y)r(y)]d3xd3 

Jr3 Jr3 

f r ||A:"(x,y)f d^xdV 

Jr3 Jr3 

11 

Jr3 Jr: 


^-Cody-xl+lxl) 


d^xd^y < 00. 


|y-x| 


(108) 


This proves that = |AP^p is a Hilbert-Schmidt operator, and therefore, AP^ is compact. 
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To prove part (iv) of Lemma 2.3, we assume X{x, y) = —X{y, x) for all x,y e T,. From the 
symmetries D{w*) = D{w)* and D{—w) = D{w) for all w e domain(r) and ( 7 ^)* = 7 ° 7 ^ 7 °, 


we conclude 

= 7 °p~(w) 7 °, (109) 

and hence, using the assumed symmetry of A, 

7 O — X + ieu))* 7 ° = — y + ieu) (HO) 

for X, 1 / e S, e > 0 and u e Past. Substituting this in the specification (34)-(35) of F^, it 
follows that is self-adjoint and concludes the proof. □ 

Proof of Theorem 2.4- To show the equivalence we need to control of the kernel of P^ — P^ 
from above and from below. Let AA : be the vector held on with 

AA(x) • z = (A^(x) - A^{x))z>" (111) 

for any x = (x°,x) e S and z = {z^,z) e Then for any x = (x°,x) e S, A(x)|t,^s = 

A{x)\t^y. holds if and only if AA(x) = 0. From A e G{A) and A e ^(A), see Dehnition 2.2, 

we get the Taylor expansions 

g-*A(x,y) _ ^ iAf,{x){yf^ - x^) + Ox{\x - y\^){lK{x) V lx(2/)), (112) 

= 1 + iA^{x){y>^ - x^) + O^dx - y\^){lK{x) v lx(?/)), (113) 

y^-x^ = Vfs(x) • (y - x) + Os(|x - yH (114) 

for y, X e S from which we conclude 

g-iA(x,y) _ ^-i\{x,y) _ ^^A(x) • (y - x) + ri(x, y) (115) 

with an error term ri that fulhlls for any x, y e S 

|ri(x,y)| ^ 0 ;^,A,y„,J|x-yr) (U(x) v ^(y)), (116) 


where we used \x — y\ = — y|) due to (15). Note that the bound (116) holds not 

only locally near the diagonal but also globally for x,y e T because is bounded 

and A and A vanish outside A x u x A for some compact set A c For 0, "0 e As 
formula (36) from Lemma 2.3 implies 

(7 - ppv-) 

JxeS ''yeS 

= f f (/>(^)*7°r(x)[ti(x,y)+ t2(x,y)]j‘^r(y)f;(y)d^yd^x (117) 

JxsK® JysKS 
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with 


ti(x,y) = iAA(x) ■ [y - x)p {y-x)-y°, 
h{x,y) = ri(x,y)p"(i/-x) 7 °, 


(118) 

(119) 


where we use the abbreviations x = 7 rs(x), y = 7 rs(y) again, and T is dehned in (19). We 
have introduced two extra factors 7 ° in (117) in order to have a positive-dehnite weight 7 ‘^r. 

We claim that the kernel t 2 {x,y)'y^ gives rise to a Hilbert-Schmidt-operator T 2 . Indeed, 
using the bound (20) for F, the bound (238) from Corollary A.l in the appendix for p”, and 
the bound (116) for ri, we have 


II To 


Iche) = f f tmce[t2{x,yyj^T{x)t2{x,y)-f°T{y)]d^yd^ 

JxsR® JysRS 


< C7 


r r 

g-Coly-xp 

JxgRS JyGR3 

|y ”X| 


(1k(x) + lii'(p)) < Cg < 00 (120) 


for some constants C 7 and Cg that depend on S, A, A. 

If A\tt. = A\tt, then A A = 0. This implies = 0 and therefore = T 2 is a 

Hilbert-Schmidt operator. This proves the part of the claim (40). 


Conversely, let us assume that A\ts = A\ty. does not hold. Then we can take some 
Xq e with AA(xo) A 0. By continuity of AA, we have infxgjy |AA(x)| > 0 for some 
neighborhood 1/ of x. Furthermore there is a constant C' 9 ( 14 iax) such that 7 °r(x) - Cg is 
positive-semidehnite for all x = (x^,x) s S. Consequently, we get the following bound for 
all X e [/ and y e 


trace 


ti(x,y)Vr(x)fi(x,y)7«r(y) 


^ trace 


ti(x, y)*fi(x,y) 


^ C'io|AA(x) • (y - x)n|p (y-x)y ^ (7ii|AA(x) • (y - x)p 


3-m|y-x| 


|y-x| 


( 121 ) 


with two positive constants Cio and Cn depending on 14 iax- In fhe last step, we have used 
the lower bound (239) for ||p”|| from Corollary A.2 in the appendix. Because the lower bound 
given in (121) is not integrable over (x, y) e U x we conclude that Ti is not a Hilbert- 
Schmidt operator. Because T 2 is a Hilbert-Schmidt operator, this implies that P^ — P^ 
cannot be a Hilbert-Schmidt operator. Thus, we have proven part of the Theorem. □ 


2.4 Proof of Theorem 2.8 

This section contains the centerpiece of this work. The proof of Theorem 2.8 will be given 
at the end of this section. To show that the claimed equality (47) holds, we analyze the 
difference of matrix elements 

( 122 ) 
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for 'ilj,(p ^ Ca- This is done in two steps. First, using Stokes’ theorem, we provide a formula 
for the derivative w.r.t. the flow parameter of the family of Cauchy surfaces {Tjt)teT in 
Lemma 2.11 and Corollary 2.12. Second, we give the relevant estimates on this derivative in 
Lemmas 2.13-2.15 which are summarized in Corollary 2.16, and conclude with the proof of 
Theorem 2.8. 

For the hrst step, the following notations for the Dirac operators acting from the left and 
from the right, respectively, are convenient: 


= D^'ijj{x) := — jjiix) — m)'ijj{x), (123) 

:= - 4{y) -m) = (124) 

where f{y)f = f{y) ^ := df,f{y)Y- 

Lemma 2.11. Let x ^ ^4x4 ^ smooth function. Let e Ca- Then for any 

t e T we have 


with 


d 

dt 


r <f{x)i,{d^x)k{x,y)t,{dS)f^{y) 

-if r cl){x)i^{d‘^x)Vfk{x,y)i^{d^y)'ijj{y) 

JxeSt dyeSt 


(125) 


V,'k(x,y) := Vt{x)f,[x)D-^k(x,y) - k{x,y)D^v,{y)i^fy). 


( 126 ) 


Proof. Assume that 0', -0' : ^ are smooth functions with supp (f)' n supp fj' ^ K + 

Causal for some compact set K c R^. 

We set 


■— {{x,t) e "Si to ^ t ^ ti} 

for any real numbers to ^ By Stokes’ theorem, we have: 

( r — r j (j)'{x) i.y{d‘^x) i/j'{x) = r d[(j)'{x)i.y{d‘^x)i/j'{x)]. 

We calculate: 

d[(j)'{x)i.y{d‘^x)'ijj'{x)] = dfx{(j)'{x)'y^ip'{x)) d'^x 
= {dfx(j)'{x))j'^ip'{x) dk^x + (j)'{x)'y^dij,i^'{x) d^x 
= ^(p'{x)'ip'{x) d'^x + 4 >'{x)^'iIj'{x) d^x 
= iD^(j)'{x)^)'{x) d^x — i(j)'{x)D^ilj'{x) d^x, 


(127) 


(128) 


(129) 
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see also the calculation from (17) to (20) in [3]. Integration yields 





(f)'{x) i^{(rx) ip'{x) 


i r [D^(j)'{x)^^'(x) — (j)'{x)D^'tjj\x)] d^x 

JstQti 

if r [D^(j)'{x)^p'{x) — (l)'{x)D'^ip'{x)]iy^ntid'^x) dt. 
Jtn JEt 


ho JEt 

Differentiating this with respect to the upper boundary ti, we conclude 
d 
dt 


= % 


= i 


r (j)'{x)i^{d‘^x)'ip'{x) 

JEt 

i r [D^(l)'{x)i/j'{x) - (j)'{x)D'^'i/j'{x)] ivtntid'^x) 

JEt 

i j D^'^t{x)ii'^{x)i^{d^x)'ilj'{x) — (f)'{x)i^{d‘^x)vt{x)'ifi^{x)D^'ijj'{x)\, 

JEt 

using (19). In the special case (j)' e Ca this boils down to 

— r (j)'{x) i^{d‘^x) ijj'{x) =—i r (j)'{x) i^^d^x) Vt{x)i/i^{x)D^'ijj'{x), 

dt JEt JEt 

while in the special case -0' e Ca it boils down to 


We consider the function 


F : T X T ^ C, F(s,t) := f f (p{x) i^{d'^x) k{x,y) ij{d'^y)'tjj{y). 
We apply (132) to 0' = 0 and 0'(a;) = k{x, y)i^{d^y) 0(y) to get 

^F(s,t) = -zr r (j){x)i^{d^x)vs{x)'^^{x)D^k{x,y)i^{d%)ij{y). 

JxeE. JyeEt 


Similarly, we apply (133) to 0'(?/) = i-y{d^x) k{x, y) and -0' = 0 to get 


d_ 

dt 


From the chain rule, claim (125) follows: 
d 


(130) 


(131) 


(132) 


— f 4)’{x) i^{d^x)'ll)'{x) = i r 0'(x) D^n0a;)00x) 0((0^x) 00x). (133) 

dt JEt JEt 


(134) 


(135) 


F(s,f) = ir r (l){x)i^{d^x)k{x,y)DyVt{y)4t{y)h{d'^y)'4{y)- (136) 

sJxQ^g fc/ysSf 


-i (j){x) i^{d'^x)[vt{x)^^{x)D^k{x, y) - k{x, y)DyVt{y)i/i^{y)] 0 (d^ 2 /) 0 ( 2 /). 

JxeEs JyeEt 


(137) 

□ 
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From formula (125) and the chain rule, we immediately get the following corollary. 

Corollary 2.12. For any smooth function k : x x T ^ [x, y, t) i—>■ kt{x, y), any 

(py'ip ^ Ca, and any t e T we have 


4 f f <Pix)hid‘^x)kt{x,y)iy{d‘^y)'ilj{y) 

JxeSt JyeEt 


(j){x) iy{d'^x) 

Jxe'Et dye'Et 


dk 

-iVfk{x,y) + 




(138) 


This completes step one, and next, we turn to the relevant estimates. In the following 
calculations for hxed t e T, we drop the index t in v = Vt and n = Ut- Also, the t-dependence 
of the remainder terms r is suppressed in the notation below, as we have uniformity in t of 
the error bounds. Recall from equation (42) that denotes the “electric held” of 

the electromagnetic held = d^A^, — with respect to the local Cauchy surface S. 

Lemma 2.13. For u e Past, e > 0, and x,y e let 

p^’’^“(a;, y) := — x + ieu) (139) 


with defined in (38). Then for t e T, x,y e S*, z = z) = y — x, and w = z + ieu we 
have 


Vfp^’^^{x,y) 

= ^v{x)fi{x)YFi,fix)z^p^’^^{x, y) + y)'^^F^fiy)z^^v{y)ii{y) + r2{x, y, eu) (140) 

2 

= - —v{x)z^EJx)$D{w) + rfix, y, eu) + rfix, y, eu) (141) 

2m 

with error terms 


r2 = Oa,u,'s 
ra = Oa,u,t. 
r 4 = Oa,u,t, 


3— C_d|z 

|z| 

3— C_d|z 


|Z| 

_g-Co|zl 


5 1 5/2 


[lx(a;) V lx(l/)], 
[Ik{x) V lK{y)], 
[lj^(a;) V Ixiy)] 


(142) 

(143) 

(144) 


for any compact set K containing the support of A. For any two different points x y in 
Si, the limit rs{x,y,0) := lim^o’" 3 ( 2 ^, 2 /, en) exists. 

Proof. We calculate for x, y e Si, u e Past, and e > 0: 

P~ {y — X + ieu)] 

= y) — 4(a^)]e“*^^*'*’^V~(?/ — x + ieu) + — m)p~{y — x + ieu) 

= [^'^A"^(x, y) — 4(a^)]p"^’''“(a^, y), because {i$^ — m)p~{y — x + ieu) = 0. (145) 
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Using the definition (38) of A^, we get 


- 4(x) = - A^{x) + {x^ - y>^)d^A^{x)] 

= ^[YF^,u{x){y^ - x>^) + r 5 {x, y)] (146) 

with the Taylor rest term 

r5ix, y) = l''{Ay{y) - A^{x) - {y^ - x^)d)^Al^(a;)] = Oa{\x - y\^){lK{x) v Ixiv)] 

= Oa{\'Z‘\^){Ik{x) V Ixiv)] with z = y - x; (147) 

cf. formula (28) in the appendix, which compares \z\ with |z|. Recall that K denotes a 
compact set containing the support of A. Similarly, we find 

— X + ieu)]Dy 

= — X + ieu)[—^^X^{x, y) — 4(?/)] + P~{y — x + ieu){—i$^ — 

= P^'"''{x,y)[-fX^{x,y) -4(y)]. (148) 

Using the symmetry A^(x, y) = —X^{y, x) and interchanging x and y, equation (146) can be 
rewritten in the form 

- fx^{x, y) - 4iy) = ^ [-YF^uiy)iy^ - X^^) + r^iy, x)]. (149) 

Combining this with the definition (126) of Vf, we find for x,y e E^, z = y — x 
Vfp^’^^{x,y) 

= ^v{x)ji{x)[Y F^^{x)zf^ + r5(x,?/)]p^’™(x,2/) 

+ y)[YFf,u{y)z^ - niy, x)]v{y)i/t{y) 

= ^v{x)'^{x)YFf,^,{x)z^^p^’^^{x, y) + ^p^’"“(x, y)YF^^{y)z^v{y)^{y) + r 2 {x, y, eu) (150) 
with the error term 

r2{x,y,eu) = ^n(a;)^(x)r5(x, 2/)p^’™(x, ?/) - ^p'^’^''{x,y)r5{y,x)v{y)i^{y) 

= C)a«,s f —I^j— \[Ik{x) 'V lK{y)]-, (151) 

for t e T, x,y e S^, e > 0 , m e Past. Here we used the bound (238) in Lemma A.l in 
the appendix for p~, the quadratic bound (147) for r^{x,y), and the fact that |nn|, being 
continuous, is bounded on compact sets. This proves the claim given in (140) with the error 
bound (142). 



It remains to prove the claim given in (141) with the bounds (143) and (144). Recall the 
dehnitions of and p~ given in (139) and (30), respectively. We have 


y) = -—$D{w) + r6(a;, y, eu) 
2m 


with the error term 


1 /p~c'-Dhl\ 

r,(x,y,€u) - - l)p-(z + leu) - (“j^ji-) 


(152) 


(153) 


using the bounds (232), (238) from the appendix and the Taylor bound 

_ ^1 ^ ^ OaM\^\), ( 154 ) 

which follows from e cf- Dehnition 2.2 and, once more, from the estimate (28) in 

the appendix. Hence we get from (150) 

Vfp^’^^{x,y) - r2{x,y,eu) 

= ^v{x)i/l{x)YFf,^{x)z'^p^’^^{x,y) + ^p^'^^{x,y)YFf,^iy)z^v{y)^{y) 

= -^v{x)'^{x)YF^u{x)z>^^D{w) - ■^^D{w)YF^u{y)z^v{y)'^{y) + rjix, y, eu) (155) 
with the error term 


1 1 
X7 = -jv{x)ii{x)YF^y{x)z>"rQ + -r&YF^,u{y)z^v{y)ii{y) 



[Ik{,x) V lx(?/)]. 

(156) 


We employ estimate (236) for dD from the appendix and the fact supp F^y ^ K to hnd 

v{x)ji{x)Ffj_y{x)j'' z^^D{w) = v{x)'fi{x)Ffj_y{x)Yu!^^D{w) + r^{x,y,eu) (157) 
$D{w)YF^y{y)z^^v{y)Tfi{y) = $D{w)-i''F^,y{y)w^v{y)ii{y) + rg{x, y, eu) (158) 

with the error terms 

/ p-CdNIx 

rg = -v{x)'^{x)F^y{x)Yieuf^0{w) = Oa,u,t, ( 1 ^k{x), (159) 

rg = -^D{w)YF^y{y)ieu^v{y)fi{y) = Oa,u,-e ^^iv)- (160) 

Substituting this in (155), we conclude 

Vfp^’^^{x,y) = - ■^v{x)i^{x)YFf,y{x)w>^0{w) - ■^0{w)YF^y{y)w>^v{y)jl{y) 

+ (r 2 + ry + rio) {x,y, eu) (161) 
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with the additional error term 


no = ^^(^8 + n) = Oa,u,i: ( ) \^k{x) V lK{y)]- (162) 

The following “Lorentz symmetry relation” will be used several times in the calculations 
below. 


Wyd^D{w) = w^d^D{w) for w e domain(r). (163) 

Equation (163) can be seen as follows. Using D = /or with/(^) = —m^(27r^)”^it'i(m/)/(m/) 
from (31) and d^r{w) = we obtain Wyd^,D{w) = = w^d^D{w). 

Using the anticommutator relation {7^,7^} = for the Dirac-matrices three times 
and the Lorentz symmetry relation (163), we calculate 

v{x)T/i{x)F^y{x)Yw^^D{w) = {T/i{x)Y'4^]v{x)F^y{x)d^D{w) 

= {2rF{x)ip — 2Y'na{x)w'^ + 2w''Tfi{x) — 'ipYf{x)\v{x)F^y{x)d^D{'w) 


=2n''{x)'ipv{x)F^y{x)d^D{w) (164) 

— 2Yn^{x)w'^v{x)Ff^^{x)d'^D{w) (165) 

+ 2w''ji{x)v{x)F^^{x)d^D{w) (166) 

— 'ipYi^{x)v{x)F^y{x)d^D{w). (167) 

For the hrst term (164), using the Lorentz symmetry (163) again, we get 

(164) = 2rF{x)'i^v{x)F^y{x)d^D{w) = 2v{x)w^E^{x)^D{w) 

= 2v{x)z^E^{x)^D{w) + rii{x, y, eu) (168) 

with the error term 

/ g-ColzK 

rii = 2v{x)ieu^E^,{x)$D{w) = Oa,«,s ) ^k{x), (169) 


where in the last step we have used estimate (236) once more. For the second term (165), 
we use n„{x)z'^ = Os(|zp), which holds because of x,|/ e and n(x) T to get 


(165) = -2Yn„{x)w''v{x)E^^{x)d^D{w) = ri2(x, y, eu) + ri3(x, y, eu) (170) 
with the error terms 

/g-Colzl \ 

ri2 = - 2 Yn^{x)z'"v{x)E^^{x)d^ D{w) = Oa,u,i: — j^j — J Ik(x), (171) 

ri3 = -2Yn^{x)ieu'^v{x)Ef,^{x)d'"D{w) = Oa,u,i: ( Ve-j^j^ ) ^k{x). (172) 

We have used the estimates (234) and, once more, (236). The contribution of the third term 

(166) is zero, i.e. 


(166) = 2w''T/i{x)v{x)Ffj,y{x)d^D{w) = 0, 


(173) 
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because of symmetry w^d^D{w) = w^d’^D{w), cf. (163), and antisymmetry = —F^^. To 
express the fourth term (167), we use the Lorentz symmetry relation (163) again and replace 
a; by y up to the following error term: 

riA{x,y) = F^^{x)v{x)Tfi{x) - F^^{y)v{y)Tfi{y) = Oa,y,{\'^\)[Ik{x) v Ixiy)]- (174) 

We obtain for the fourth term (167): 

(167) = —ybd^D{w)Y'/'{x)v{x)Ffj_^{x) = —w^^D{w)YF^iy{x)v{x)'^{x) 

= -^D{w)YFf,y{y)w^^v{y)Tfi{y) + ri 5 (x, y, eu) (175) 

with the error term 

/g-C'olzl \ 

ri5 = w^$D{w)Yrii = Oa,u,i: f—j^j —j [Ix(a^) v Ixiy)]- (176) 

We have used estimate (235) from the appendix and the bound (174). The expressions (168), 
(170), (173) and (175) of the four terms (164)-(167) give 

v{x)ii{x)F^^{x)^''w^^$D{w) = (164) + (165) + (166) + (167) (177) 

= {2v{x)z^^E^{x)$D{w) + rii] + [r^ + ^ 3 ] + 0 + [-^D{w)YFf,r,{y)w'^v{y)'^{y) + n^], 

which can be rewritten in the form 


v{x)ji{x)Ff,^{x)Yw^^D{w) + ^D{w)YF^uiy)w^v{y)ji{y) 
= 2v{x)z^E^{x)$D{w) + ri6(a;, y, eu) + rn{x, y, eu) 


with the error terms 


^16 = ri2 + ri5 


ri7 = rn + ^13 


Oa,u,i: 

Oa,u,-e 


/ p-C'ohl \ 

/ g-C'D|z|\ 

I Ve I 15/2 j [l/fW V 1/f (!/)]. 


(178) 


(179) 

(180) 


We have used the estimates (171) and (176) to bound rig and the estimates (169) and (172) 
to bound ri 7 . Substituting this result in equation (161) together with the error bounds (151), 
(156) and (162), we infer 

y) 

= - -^v{x)eli{x)E^,y{x)^^w^^D{yS) - -^^D{w)-^''E^,^{y))w^v{y)f{y) + ra + ry + rio 

=- —v{x)z^EJx)^D(w) + rs + r 4 (181) 

2m 

with the error terms 

r3{x,y,eu) = r2 + ry - = Oa,u,-e ( —j^j— 1 [Ik{x) v Ixiy)], (182) 

i / \ 

r^{x, y, eu) = = Oa,u,ii ( ) \-^k{.x) v Ik^v)]- (183) 
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This proves the claim given in (141) with the bounds (143), (144). Recall that despite 
the uniformity in e of the bound given in (182), = r^{x,y,eu) depends on e. To ensure 

existence of the limit lim^jo y, eu) for two different points x,y e from the explicit form 
of rs, we observe that z = y — x is space-like, and hence 2 e domain r. As a consequence, 
the functions D and are continuous at z, cf. Lemma 2.1, which implies the claim. □ 

In the following, we abbreviate = djdw^. Recall the notation r{w) = from 

(27). 

Lemma 2.14. For w e domain(r) and /U = 0,1, 2, 3, one has 

d^[r{w)‘^^D{w)] = 2w^$D{w) — ^^w''di,D{w) + ybWfj^m‘^D{w). (184) 

Proof. The function D fulfills the Klein-Gordon equation 

{\Z\ +'rn‘^)D{w) = 0, tc e domain(r). (185) 

Indeed, for re e + zPast, this can be seen from the definition (31) of D as follows: 
Because of the fast convergence of to 0 as \p\ —» oo, p e A4_, we can interchange the 
Klein-Gordon-operator with the integral in the following calculation: 

(□ -f m?)D{w) = f (□"' -f ip{d‘^p) 

Jm- 

= (27r)~^m~^ r (—p^ + ip(d^p) = 0 . (186) 

Jm- 


By analytic continuation, the Klein-Gordon equation (185) follows for all w e domain(r). 
Equation (184) is proven by the following calculation: 


dp[r{wf^D{w)] 


= -dp[w''wu0{w)] 

-dp[w^yljdMw)] 

= -^dp,D{w) - w’''ypd^D{w) - w'^ifdp.dyDiw) 

= -'ipdp.Diw) - w''-ipd^D(w) - ipdyiw'^dpDiw)) + 'ip{duw'')d^D{w) 

= 3yljdp,D{w) - w'''ypdyD{w) - dpD{w)) 

^ 3ybdpD{w) - w''jpd^D{w) - yljd^{wpd'"D{w)) 

= 2ybdp,D{w) - w''')pd^D{w) - ijjWpnDiw) 

(i63)ji85) 2wp^D{w) — dyD{w) + ybWp_m‘^D{w). (187) 


□ 

Recall the definition of the helper object s'^’^'^{x,y) = {{fi$){x)]{{r'^^D){w)y{3rn) intro¬ 
duced in Definition 2.6. The properties of s'^’^^{x,y) claimed in Lemma 2.7 follow analo¬ 
gously to the arguments used in (92)-(95), i.e., from the bound (233) given in Gorollary A.l 
in the appendix, the compact support of E, boundedness of d{if^$f)fdt, and the dominated 
convergence theorem. 
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Lemma 2.15. For t e M, x,y e Tit, z = y — x, u e Past, and e > 0 we have 


T>fs^’^''{x,y) = ■^Vt{x)z^Ef,{x)^D{w) +ri8{x,y,€u) + riQ{x,y,€u), (188) 


2m 

™ y) = r 2 o{x, y, eu) + r 2 i{x, y, eu) 

with error terms that fulfill the bounds 


^18 — Oa,u,1 


3 —Cl 2 |z 


1k{x), 


r2o = Oa, 




3— C12 |z 


[Ik{x) V lK{y)], 


ri9 = Oa,u,t, 
f'21 = Oa,u,T. 


_g— Cl2|z| 

' |z| 5/2 

_g— (^12 |z| 

^ |z|5/2 


(189) 


Ik{x), (190) 

[Ik{.x) V lK{.y)] 
(191) 


with some positive constant Ci 2 {Tl). Furthermore, for x ¥= y the following limit exists: 

r2o(x,|/,0) := limr2o(x,|/,ew) (192) 

ej ,0 

Proof. In this proof, we abbreviate w = y — x + ieu = z + iue. Moreover, we suppress the w 
dependence of r(w), D{w), 5"' and again also the t-dependence of v, n, and of the remainder 
terms r... in the notation. Using the dehnition of Vfi given in (126) of Lemma 2.11, we get 

8mVfs^l"'"{x,y) 

= v{x)fi{x)D^['^{x)fi!{x)r‘^^D] ~ [jt{x)fi!{x)r‘^^D]Dyif{y)v{y) 

= v{x)fi{x)i^^[fi{x)fi]{x)r‘^^D] — ['^{x)fii{x)r‘^^D]^^ {—i)fi{y)v{y) + r 22 {x,y,eu) 

= iv{x)if{x)^^fi{x)fiJ{x)d^[r‘^^D] + ii/i{x) fij{x)d'^^[r‘^ ^D]'y^if{y)v{y) + r 23 {x,y,eu) 

= —iv{x)ji{x)^^fi{x)fiJ{x)dfj.[r‘^^D] + i'^{x)fil{x)dti[r‘^^D]'j^'fi{x)v{x) + r 24 {x, y, eu), (193) 

where the remainder terms are dehned and estimated as follows: 

(i) Recalling the dehnitions (123) and (124) of the Dirac operators Da and and the 
fact that A is compactly supported, the estimate (233) of Corollary A.l in the appendix 
ensures 

X 22 = v{x)fi{x){—m — 4-{x))[fi{x)fi!{x)r'^^D] — [fi{x)fiJ{x)r'^^D]{—m — 4-{y))fi{y)v{y) 

/g-Co|zl \ 

= Oa,u,'s f —i^j —J ^k{x) (194) 

for some compact set K containing the support of E. 

(ii) Using once more that E has compact support and using the bound (233) again we have 
the analogous estimate 

1^23 = ^22 + iv{x)i/i.{x)'j^ [d^[i/i{x)fil{x)]) r'^^D + i (^d^^[fi{x)fiJ{x)]) r‘^^D'j^Tj.{y)v{y) 

/ g— Cd |z| \ 

= Oa,u,t, f——J ^k{x) (195) 
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(iii) Using the signs coming from inner derivatives: —d^D{w) = d^D^w) = dD{w) and the 
Taylor expansion 

ii-{y)v{y) = ii{x)v{x) + r 2 ^{x,y) with r 25 = Os(|z|) (196) 

for x,y E Tjt with x e K we hnd with the help of bound (237) in the appendix: 

/g-CoNI \ 

r24 = r23 + i'^{x)${x)d^[r^^D]'y>"r25 = Oa,«,s f—|^j —J 1k(x). (197) 

In the following calculations, we drop the argument x; thus, v, n, and E stand for v{x), 
n{x), and E{x), respectively, but r = r{w) and D = D{w). Using Lemma 2.14, we get 

— i (8m'Dfs^’’'^{x, y) — r 2 ^ = —v'tfi'y^'tfi$dfj\r‘^$D\ + 

= + v'^$][2wjD - dyD]-i^f + r 2 ^{x, y, eu) 


= Ti + T2 + Ts + r 4 + r 26 


( 198 ) 

with the four terms 

Ti = — 2 vifi'ip'ji$$D, 

T2 = 

( 199 ) 

T3 = 2 v'f,$$D'ifj'ft, 

T4 = -vTjit'y^^^ijivfdyD, 

and the remainder term 

D + 

vfL^ybw^m^D'yf^'fi = Oa,u,t. (e Ik{x), 

(200) 


where the bound comes from (231) of Corollary A.l in the appendix and from suppU' c K. 
We evaluate the four terms Tj separately. Using the anticommutation rules { 7 ^, 7 *^} = 2g'^‘' 
for the Dirac matrices and = 1, we get 

Ti = —2v'^[2w’^niy — 'fiyb\$^D 

= —\.v^vfny$$D + 2v{2w^E^ — 

= —4:VTfiw'^n„$^D + Avw^E^^D — 2v$w^d^D, (201) 

where in the last step we used the Lorentz symmetry (163) to compute 

'ip^D = ^ 

= ^ (y'^y" + y'y"^) w^d,D = w^d^D. (202) 

Using the anticommutation rules again, the fact y^y^ = 4, the dehnition E^ = given 

in (42), and the antisymmetry we get 

y^^.^y^ = (2n^ - |fy^)(2F^ - 'y^$) = An^E^ - At/i$ + 

= An^E^ = An>^F^yrf = 0 (203) 
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and therefore T 2 = 0. Using the same argnment that was nsed to derive (202) we also hnd 
^D{w)'ip = w^^d^D, and hence, 


Finally, we have 


Ts = 2v'^$w^d^D^. 
Ti = —Avif,$Tliw^dyD, 


(204) 


(205) 


which yields 

T3 + r4 = —2vi/il^i/iw^d^D = 2vKfi‘^w^d^D = 2v$]w^d^D. (206) 

We have nsed that and ^ anticommnte becanse of = n^F^i,n’^ = 0. Together with 

the expression (201) for Ti and T2 = 0, we conclnde 

Ti + T2 + T3 + T4 = Avw^E^^D + r27(x, y, eu). (207) 

with the error terms 


r 27 = n^$^D = r 2 ?,[x, y, eu) + r 29 {x, y, eu), (208) 

where using w = z + ieu 

r28 = —4:V'jiieu'^nv$$D, r29 = —^vifiz'" ny$$D. (209) 

Inequality (236) from the appendix and the fact supp E ex K provide the bound 

/ g-C'i 3 |z|\ 

r28 = Oa,u,'S ( |^| 5/2 ) ^k{x). (210) 

For the next estimate, we observe (VtEt(x) ■ z,z) e T^Y^t -L 'n{x)-, recall the parametrization 
(13) of St. We obtain the Taylor expansion 

- noW[(E,(y) - tE,(x)] - n(x) ■ z - t!o(i)V(s,(x) • z - n(x) • z + Oj:(|zp) - Oj:(|zp) 

( 211 ) 

uniformly for x in the compact set K. Using (234) from the appendix and the support 
property of E again, this implies 

/ g-Ct 3 |z| \ 

r 29 = Oa,u,'e — 1 ^^—] ^k{x). ( 212 ) 


Finally, we have from equation (207) 


Ti + T2 + T3 + T4 - r27 = Avw^E^^D = Avz^E^^D + r^o{x, y, eu) (213) 


with the error term 

r3o = Avieu^E^^D 


Oa,u,Y. 



g-Colz 

|z|5/2 


^k{x), 


(214) 
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where once again we have used the bound (236) from the appendix and the fact supp E ^ K. 
Let us summarize: We use the equations (198), (213), and (208) to get the claimed formula 


y) = -^vz^E^$D + rig + rig 

with the remainder terms 


(188) 


'To/i 1 f P 1 i\ f P ^12|z| 

^18 := x-1" X— (^26 + ^ 29 ) = Oa,u,'e ( —j—j-1" e I 1 k { x ) = Oa,u,i: ( —j—i— 

8m 8m V z / \ z 


i f q-‘^d\'^\\ / g-Cl2|zl 

^ 3^ ^^98 + ’"so) = Oa,u,'S ( |^|5y2 ) ^k{x) = Oa,u,'S ( Ve |^|5y2 ) 


lic(x) 

(215) 

(216) 


with any positive constant C'i 2 (S) < We have applied the error bounds (197), (200), 

and (212) for the first remainder term rig, and the bounds (210) and (214) for the second 
remainder term rig. Finally, we have weakened the bounds slightly to get a simpler notation. 
This shows the claimed error bounds in (190). 

Combining this with Lemma 2.13 and setting r 2 o = ’"3 + ^is, f '21 = r 4 + rig, equation 
(189) together with the corresponding error bounds (191) are immediate consequences. 

To ensure existence of the limit of r 2 o(x, y, eu) as e | 0 for a:, y e with x ¥= y, we 
use the existence of the limits lim^^o’" 3 ( 2 ^ 12 /Tf) and lim^^o’" 18 ( 2 ^) ?/) cm). The existence of the 
former limit was proven in Lemma 2.13, and existence of the latter limit follows by the same 
argument, i.e., from the fact that the functions D and d^D are continuous at z, and that rig 
is explicitly given in terms of D and its derivative. This yields the claim. □ 


Corollary 2.16. The error terms r 2 o(-,-,eM) and r 2 i(-,-,eti) in (189) give rise to bounded 
linear operators 7?2o'^“(^),-R 2 i™(t) : "Hst O with matrix elements 

<0,/?2o™(^)'0> = f f (p{x)h{d^x)r2o{x,y,eu)i^{d‘^y)^jj{y), (217) 

JxeEt Jye'Et 

and similarly for r 2 i{x, y, eu), R 2 i^{t). They fulfill: 

(i) The operators i? 2 o™(^); e ^ 0, are Hilbert-Schmidt operators. There is a constant 
CifiA,u, S) such that ||7?20™(^)||/2('KeJ ^ Furthermore, 

lim ||/? 20 ™(^) - -R 20 °(^)||/ 2 (WeJ = 0- (218) 


(%i) SUPig^^ ||i?21™(t)||'Ws,0 < Oa,u,s{V^)- 

Proof, (i) For fi,4> ^ PT,ti using the bound (191) for r 2 o, we hnd uniformly for e > 0 and 
f e T that 


I C> 
1-^20 


(^)III(hej - f f trace [7°r2o(a:, y, eti)* 7 °F(x)r 2 o(a;, y, eM)F(y)] d^yd^x (219) 

JxsR® JyeR3 


^ c 


14 


I I 

JxeR3 Jy( 


3 -C'o|y-x| 


ysRS L |y “ ^1 _ 


(lx(a;) V lx(2/)) x < 00 . 


( 220 ) 


36 










for some constant Cii{A,u,'E). The limit -R 2 o™(^) R 2 o^{t) in the hiRst) norm is im¬ 

plied by the point-wise convergence (192) stated in Lemma 2.15 and the point-wise bound 
(191), using dominated convergence. 


(ii) For ip,(j) ^ "Hst) using the bound in (191) for r 2 i and the Cauchy-Schwarz inequality, 
we hnd analogously to the calculation (92)-(95): 


\(<p,R2rm)\^OA,uMV~e) f f 

JxgR3 Jy 

^ Oa,m,s(v^) I 

Jz 


ysR® 

g-Cohl 


p-Coly-xl 

(x)| |r(x)||r(y)| dV \^{y)\ ( 221 ) 


|y — xp/2 


Z£K3 


15/2 


d^z \\(j)\\ 11-011, 


( 222 ) 


which is hnite and uniform in t. 

The existence of the bounded linear operators R 2 o^^(t), i? 2 i™(^) : O follows. □ 

Finally, we prove the Theorem 2.8 with the collected ingredients. 

Proof of Theorem 2.8. With justihcations given below, we hnd that for e Ca 

.(< (223) 

(fix) i^id^x) + ssr)(^’ y)h{d^y) Hy) (224) 

A,€U 


= lim 

ejO 


= lim 


= lim 


(I I -I I ) 

\yJxGYjt^ JxgYjIq JyGYjtQ J 

im (h(x) iJd'^x) 

40 Jt, J.SE, 

im (b(x) i.yid'^x) 

40 Jt, JyGS* 

'4„ 


+ 4 ;‘”) + 


dsi 


dt 


-ir 2 o{x, y, eu) - ir 2 iix, y, eu) + 


x,y)i^{dS)'tjj{y)dt (225) 
dsi 


’St 


dt 


{x,y) 


hid y)'ifiy)dt 

r 

= lim 

-/to 


“W L \ 


St 


(226) 
dt (227) 


In the hrst step from (223) to (224) we expressed the matrix elements of the operators 
and in terms of the respective integral kernels given in Lemma 2.3 and part 

(i) of Lemma 2.7. The step from (224) to (225) follows from Corollary 2.12. The step from 

(225) to (226) is a consequence of equation (189) in Lemma 2.15. Finally, in the step from 

(226) to (227) we have used that the integral kernels r 2 o(-, •,£«), r 2 i(', ■, e-u), and 

give rise to bounded operators i? 2 o'^’^(^), -R 2 i'^“(t), and as ensured by Corollary 2.16 and 
part (ii) of Lemma 2.7. 

Claim (ii) of Corollary 2.16 implies that i72i™(^) converges to zero in operator norm 
as e I 0, uniformly in t e T. Furthermore, claim (i) of Corollary 2.16 and part (ii) of 
Lemma 2.7 guarantee that —iR 2 o^^it) + converges in the RiRiit) norm to a Hilbert- 
Schmidt operator R{t) := —-/i? 2 o°(^) + such that sup^gj- \\Rit)\\i 2 (Hy:j < Calculation 
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(223)~(227) can now be rewritten in the form of claim (47): 





dt (228) 


at first for 4>,'ip ^ Ca, but then extended by a density argument to (p^'tp s 1 -La- Since the 
operators Ua-e are unitary, we get the estimate 


Jto 


HHa) 


(229) 

(230) 


This proves the claim. 


□ 


Proof of Theorem 2.5. As a consequence of Theorem 2.8 and Lemma 2.7 claim (41) holds 
for the special case A = A^. For general A e G(A), Theorem 2.4 implies — P^ e hiP^) 
which concludes the proof for the general case. □ 


A Appendix 

In this appendix we provide auxiliary estimates for the covariant functions D, its derivatives, 
and p~ needed in the proofs of the main results. 

Lemma A.l (Upper bounds). Let u be a time-like four-vector. For all space-like z e 
with \z^\ ^ 14 iax|z| and e ^ 0 with w = z -\- ieu ^ 0 we have the following bounds with the 
constant C'n( Uma x) = yVl “ reading 1/0 as +oo.- 

\w>‘io-D(w)\ < , (231) 

|r'(»)l < Ov„ (n^) ’ 

/g-Colzl \ 

\r{w)^di,D{w)\ , (233) 

\d,D{w)\ g. 0..y_ (jjp^ 1 ■ (234) 

/ g-C'olzl \ 

\w’'df,D(w)\ < 

/^/^g-CDlzIX 

\eu^d^D{w)\ < \ 

/g-Cohl\ 

\du [r{w)‘^d^D(w)]\ < Ouy^,^ \ ~\^) ’ 

||p"(w)|| < Ouy^^ i ^^^3 ] . (238) 
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For e = 0 one may take, e.g., u = (—1, 0, 0, 0). In this case the u-dependence of the constants 
in (231)-(238) drops out. 

Lemma A.2 (Lower Bound). For all space-like z e M^\{0} one has the lower bound 

-m|z| 

b"(^)|| (239) 

with a positive numerical constant Ci^. 

The proofs have been carried out in [4], However, they can also be inferred from the 
asymptotic behavior of the modihed Bessel function Ki and its derivative given in [1, Chap¬ 
ters 9.6 and 9.7]. 
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